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ON THE CANONICAL DEGREES OF GORENSTEIN 
THREEFOLDS OF GENERAL TYPE 

RONG DU^ AND YUN GAO+t 


Abstract. Let A be a Gorenstein minimal projective 3-fold with 
at worst locally factorial terminal singularities. Suppose that the 
canonical map is generically finite onto its image. C. Hacon showed 
that the canonical degree is universally bounded by 576. We im¬ 
proved Hacon’s universal bound to 360. Moreover, we gave all the 
possible canonical degrees of A if A is an abelian cover over 
and constructed all the examples with these canonical degrees. 


1. Introduction 

The study of the canonical maps of projective varieties of general 
type is one of the central problems in algebraic geometry. For the 
case of surfaces, Persson m er] l constructed a surface of general type 
with canonical degree 16 in 1978. About the same time, Beauville 
m ea]) proved that the degree of the canonical map is less than or 
equal to 36 and with the equality holds if and only if A is a ball 
quotient surface with Kx = Pg = 3, q = 0, and \Kx\ is base 
point free. Later, Xiao also found some restrictions on surfaces with 
high canonical degrees ( |Xiaoj ). Since the canonical degree is bounded 
above, next interesting question is to determine which positive integers 
d’s occur as the degrees of the canonical map. There are plenty of 
examples (see |Bea ], [Citl], ) with canonical degrees being 2. 

For d = 3 and d = 5, Tan (nsni) and Pardini (IE arlj ) constructed 
several surfaces independently. When Pg(E) = 0, Beauville f |Bea] j 
constructed surfaces with xi^x) arbitrarily large and the canonical 
degrees 2,4,6 and 8 . For d = 9, Tan also constructed a surface in 
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[Tan] ■ Later, Casnati (jC^) constructed surfaces of canonical degree 
from 3 to 9 as subvarieties in some projective bundle given by Pfaffans 
of alternating matrices. The authors f |D-Gj ) classihed the surfaces 
whose canonical maps are abelian covers over and constructed these 
surfaces by explicit dehning equations. Recently, Rito in his series 
papers i |Rit] . [Rit^ . |Rit3j ) constructed some new surfaces of general 
type with canonical degrees 12, 16 and 24 respectively. 

In dimension at least three, the situation seems much less clear. M. 
Chen studied the canonical map of hber type (ICEI.IEHl) and posted 
an open problem in jCh] as follows: Let X be a Gorenstein minimal 
projective 3-fold with at worst locally factorial terminal singularities. 
Suppose that the canonical map is generically hnite onto its image. Is 
the generic degree of the canonical map universally upper bounded? 
Hacon gave a positive answer to Chen’s problem. More precisely, he 
showed that the canonical degree is at most 576. 

In this paper, we improve Hacon’s upper bound by showing the fol¬ 
lowing main theorem. 

Theorem 1.1. Let X be a Gorenstein minimal complex projective 3- 
fold of general type with locally factorial terminal singularities. Suppose 
that \Kx\ defines a generically finite map (fx '■ PP»“^, then 

deg (f>x < 360 and with the equality holds if and only if pg{X) = 4, 
q{X) = 2, = 5, = 360 and \Kx\ is base point free. 

Since the canonical degree is bounded above, it is quite interesting 
to consider a parallel problem as surfaces that which positive integers 
d’s occur as the degrees of the canonical map of Gorenstein minimal 
projective 3-fold. As far as we know, there are quite few examples 
about 3-fold of general type with higher canonical degree. Cai ( [Cai ] ) 
constructed some examples of 3-fold with canonical degrees 32 and 64 
based on the existence of the surface with canonical degree 16 which 
was constructed by Persson. We show that if the canonical map is 
an abelian cover over then the only possible canonical degrees of a 
Gorenstein minimal projective 3-fold are 2^” (1 ^ m ^ 5), by explicit 
constructions. 


2. Proof of the main theorem 

Let X be a Gorenstein minimal complex projective 3-fold of general 
type with locally factorial terminal singularities. Suppose that \Kx\ 
dehnes a generically hnite map (jx : X We will base on 

Hacon’s beautiful arguments to improve the universal upper bound of 
the canonical degree. 
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Proof. Since (fx is generically finite, one has that Pg{X) > 4. Let 
d = deg (fx- By the Miyaoka-Yau inequality f |Mij L we have 

d{pg{X)-3)<K^^<72x{0Jx). 


If we can show xi^x) ^ Pg{X) + 1, then 


d<72 


xG.v) 

p,(X) - 3 


< 72 P9i^) + 1 
- Pg{X)-3 


72(1 + -^) < 360. (2.1) 


If q{X) < 2, then xi^^x) < Pg{X) + q{X) - 1 < Pg{X) + 1. 

Now we can assume hereafter that q{X) > 3. Consider the Albanese 
map albx of X and the Stein factorization / of albx as follows: 



Alb{X) 


By Bacon’s argument (see the proof of [Haj . Theorem 1.1), one has 

(1) x{(^x) < Pg{X), if dimY > 2; 

(2) x(a;x) < Pg{X) + x(wy) and x(a;y)pg(F) < Pg{X), where F is 
the general hber of /, if dimY = 1. 

Hence if dimY > 2, by fl2.ip . the statement holds. More precisely. 


d<72 


P,{X) 
p,(X) - 3 


< 288. 


We only need to consider dimY = 1. 
If Pg{F) < dimY — 1, then 


h%Ox{Kx)®OF) < h^{Ox{Kx+F)^OF) = h\OF{KF)) < dimY-1, 


which means that dim Im(0x|F) < dim Y — 2, and hence dim Im^x < 
dim Y — 1, which contradicts the assumption that (fx is generically £- 
nite. So we have that Pg{F) > dimY = 3 and then Pg{X) > x{^Y)Pg{,F) 
(q(X) - l)p,(F) > 6. 

Therefore 


, / XM + xM 

pA^)- 3- Pg(X)-3 


< 72(1 


1 ^ P.m 

Pg(F)^p,(X)-3 


< 192 


From the argument above, we know that the equality of (12.11) holds 
if and only if Pg(X) = 4, q(X) = 2, xi^^x) = 5, = 360 and \Kx\ is 

base point free. □ 
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Remark 2.1. If X is nonsingular and the canonical divisor Kx is am¬ 
ple then the equality in the main theorem holds if and only if X is a 
ball quotient. We guess that such a ball quotient with those invariants 
exists. For the parallel case of surfaces with the maximal canonical 
degree, the surface of general type with canonical degree 36 does ex¬ 
ist which was constructed as some fake projective plane by S. Yeung 
recently ( |Yeung| ). 

3. Canonical maps defined by abelain covers 

The theory of cyclic covers of algebraic surfaces was studied hrst 
by Comessatti in [Corn] . Then F. Catanese f |Cat2] ) studied smooth 
abelian covers in the case (Z 2 )®^ and R. Pardini f |Par2j ) analyzed the 
general case. In this section, we shall recall some basic dehnitions 
and results for abelian covers and construct minimal 3-folds of general 
type whose canonical maps are abelian covers over P^. Since our point 
of view is to hnd the dehning equations, we use the second author’s 
expressions and notations appearing in |Gaoj . 

Let (p : X —)■ Y is an abelian cover associated to abelian group 
G = Ijni © ••• © i.e., function field C(X) of X is an abelian 

extension of the rational function held C(Y) with Galois group G. 
Without lose of generality, we can assume ni|u 2 • • • In^. 

Definition 3.1. The dates of abelian cover over Y with group G are 
k effective divisors Di, • • •, and k linear equivalent relations 

Di ~ niLi, • • • , Dfc ~ rikLk. 

Let = ffyiLi) and ft be the dehning equation of Dt, i.e., Di = 
div(/j), where fi G H^{Y, Denote V(=Sfi) = SpecS'(=Sfi) to be the 

line bundle corresponding to where S{J^) is the sheaf of symmetric 
algebra. Let Zi be the hber coordinate of Then the abelian 

cover can be realized by the normalizing of surface V dehned by the 
system of equations 

So we have the following diagram: 




X 


normalization 
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Sometimes we call X is defined by these equations if there is no confu¬ 
sions in the context. 

We summerize our main results as follows. 


Theorem 3.2. fSee |Gao] ) Denote by [Z] the integral part of a Q- 


divisor Z, —Lg = — ^ giLi -|- 


2=1 


E -A 


2=1 


. Then 


p^Ox — 0 Oyi^—Lg). 

geG 


(3.1) 


■where g ^ [gj,-- ■ >gk) ^ G. 


So the decomposition of g:>^Ox is totally determined by the abelian 
cover. 


Corollary 3.3. If X is non-singular, D is the divisor on Y, then 

h\X, g>*OY{D)) = Y, h\Y, Oy{D - Lg)) 
g€G 

If the canonical map of X is an abelian cover over then we have 
the explicit decomposition of ip*Ox- 

Lemma 3.4. If (f = (px is a finite abelian cover of degree d over P^, 
then ip,Ox = C»P3 © C>p3(-2)®'='/2-i © C»p3(-3)®'^/2-i ^ 0^z{-I>). 

Proof. Because is a hnite abelian cover, is a direct sum of the 

line bundles by Theorem 13.21 

d-l 

If^Ox = C^p3 © Op3 { — li) . 

2=1 

Assume 0 < G-i ^ ld-2 ^ ^ h- 

Since Kx = (yC*(Cp3(l)), for any m ^ 1, 

d-l 

Pm{X) = h\mKx) = h\ip*{Ov3{m))) = h\0^3{m))+Y A(Cp3(m-h)). 

2=1 

Because Pg{X) = hP{(p*{Ov3{H))) = A(C>p3(l)) = 4, we see that 
A(C>p3(l -/i)) = 0, l<f<d-l. 

So k ^ 2. 

And pg = h\p,Ox) = h^Ops) + Eti' A(a3(-h)), 

So 4 = Ya=i A((9p3(h - 4)), then k ^ 5. 

Therefore, we have two cases as follows: 

(1) h = 5, k,--- ,ld-i < 4, and 

(2) li = I 2 = I 3 = U = 4:, /s, • • • , Id-i < 4. 
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Let m = 2, we have the second plurigenus of X P 2 (X) = x(2iLx) = 
^Kx + |XxC 2 + xi^x) = i + 3x(Xx) = 1 + 9. On the other hand, 
P 2 {X) = h0(Op3(2)) + Eti' - k)). So 


1 

^A»(C>r3(2-(.)) = --l, 

i=l 

then there are exact (| — 1 ) 2 ’s among h’s. 

Let m = 3, we have the third plurigenus of X Psi^X) = x(3Xx) = 
+ \KxC 2 + x{Ox) = -y + 5x(Xx) = “ + 15. On the other hand, 
P^{X) = h 0 (Op 3 ( 3 )) + Eti' - k)). So 


d-l 

5^/i°(Op3(3-/,)) 

j=l 


5d 

T 


-5, 


The second case does not satisfy the equation. So the lemma is proved. 

□ 


Now let 99 : X —)■ be an abelian cover associated to an abelian 
group G = I^ni © • • • © • Then X is the normalization of the 3-fold 

dehned by 


2 ; 


ni 

1 


h = Ifp™ 

a. 




A=np«‘. 

a. 


where p^’s are coprime and a = (cti, • • • , 0 ;^) G G. Denote to be 
the degree of Pa, e* = ( 0 , • • • , 0 , 1 , 0 , • • • , 0 ) G G, 1 < i < /c, and Ig be 
the degree of p G G. So and Ig are all integers. Then 


^i^ei ^ ^ I5 * * * ^5 


= E 9ilei - E 

i=l a 


E 

2=1 


9i^i 

rii 


X. 


(3.2) 

(3.3) 


Lemma 3.5. Using the notation as above, if ^ = (fx, then there exists 
g' = {g[, ■ ■ ■ ,g[) G G = © • • • © and a partition of G set- 

theoradically, G = {0} U {g'} U +1 U + 2 ; where the cardinalities of Si 
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and S 2 are equal, such that Xa satisfies the following equation 

T^ilci OliXa 


(*) 


a 

h' = E a'iie, - E 

i=l a 

la = Il 9ik - E 

i=l a 

lg=Il gdei - E 

2=1 OL 


Ui 

i=l 
' k 

E 
2=1 
k 

QiPi-i 

^ rii 
2=1 


9i^i 

Hi 


Xa = 5 

Xa 3, 

Xa 2 , 


Proof. It comes from Lemma 13.41 directly. 


geSi 
9 E S 2 


□ 


By the above lemma, finding 3-folds whose canonical map are abelian 
covers over is eqnivalent to hnding the integral roots {xa} of the 
above eqnations. 


Theorem 3.6. Let X be a Gorenstein minimal complex projective 3- 
fold of general type with locally factorial terminal singularities and <p : 
X —^p3 is an abelian cover. If ip = fix then the canonical degree can 
only be 2™, 1 ^ m ^ 5. 


Proof. By Lemma 13.51 we only need to hnd the integral solntions of 
the eqnations (*). So the only possible degrees are 2,4, 8,16 and 32 by 
using computer calculations. Moreover, we have the dehning equations 
of the examples of all the degrees as follows. 

Degree 2: 

z^ = f-, 


Degree 4: 


Degree 8: 


zj = s 
Z 2 = P, 


Degree 16: 


zj = tiq 
z\ = t 2 q 
zi = tsq; 


{ zl = hihfiit2 
zl = h2h42h 
zl = h^hfiit^ 
zl = h2hfip, 
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Degree 32: 


^2 


= hih2h^hiQ 
= h^h^hehio 
= /i2/i3^6^7 

zl = hih^h^hs 

^ = hjhghghiQ- 

where the degree of h’s is 1, fs is 2, g’s is 4, s’s is 6 , /’s is 10 and they 
all dehne nonsingular surfaces in and intersect normal crossingly. 

We want to show these 3-folds are smooth after normalization. Since 
the arguments are similar, we only prove the most complicated case 
with canonical degree 32. 

Actually, we only need to consider the intersections of the branch 
locus locally. Let ii/s be the intersection lines of hi and hj. Around 
the general point of iij (except the intersection of three planes), the 
cover is locally defined by 


^2 _ ™aii, ai2 

'^1 — •I' y 1 


zl = 


zl = 


^2 _ _a4i a42 

^4 — X y , 


where aij = 0 or 1 for all i, j. 

It is easy to check that {( 0 * 1 , 012 )} % {(1,1), (0, 0)} i.e., at least one 
pair {(aji,aj 2 )} = {(1,0)} or {(0,1)}. Without lose of generality, we 
can assume ( 011 , 021 ) = (1,0), i.e. zf = x. After normalization, the 
cover is branched along the smooth surfaces. So the 3-fold is smooth 
at the preimages of the general points of £i/s under the normalization 
map. 

Let Pijk be the intersection point of hi, hj and hk- The arguments 
are similar. Let us take P 123 for example. The cover is locally defined 
by 


zl = xyw, zl = yw, zl = w. 

After normalization, the cover is locally defined by 

zl = X, zl = y, zl = w. 

So the 3-folds are smooth. 

It is easy to see that these 3-folds are all nonsingular with Pg{X) = 4, 
q{X) = = 0, xi.^x) = —3, Kx = <p*(^p 3 (l)) and equals each 

degree of the covers. □ 

Remark 3.7. By Lemma 13.51 we have the integral solution of the 
equations (*) for degree 6 and 18. But the isolated singularities of 
corresponding 3-fold are not Gorenstein terminal since they are not 
cDV I fRei^ L 
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